We study gauge theories with N = 1 supersymmetry in 2+1 dimensions. We start by calculating the 1-loop effective superpotential for matter in an arbitrary representation. We then restrict ourselves to gauge theories with fundamental matter. Using the 1-loop superpotential, we find a universal form for the phase diagrams of many such gauge theories, which is proven to persist to all orders in perturbation theory using a symmetry argument. This allows us to conjecture new dualities for N = 1 gauge theories with fundamental matter. We also show that these dualities are related to results in N = 2 supersymmetric gauge theories, which provides further evidence for them.
Introduction and Summary
Three-dimensional gauge theories have been the focus of many recent studies. A wide array of tools has been applied to these theories, leading to many exact results and even more conjectures. However, the N = 1 supersymmetric 1 versions of these theories have only very recently received increased attention [1] [2] [3] [4] [5] [6] [7] . These theories are the focus of the present paper.
Supersymmetry (SUSY) is less restrictive in 2+1d N = 1 theories than in other well-known SUSY theories. For example, since the superpotential is real, the standard non-renormalization theorems based on holomorphy, which apply to many SUSY theories (such as N = 1 SUSY in 3+1d), do not apply to N = 1 theories in 2+1d. These theories are therefore much harder to analyze than theories with more supercharges. However, many properties of SUSY do not depend on holomorphy of the superpotential, and they can come to our aid when studying N = 1 theories in 2+1d.
The Witten index [8] is one example; we rely on it heavily. Phase transitions between SUSY vacua are also simpler to analyze, since these phase transitions must be of second order or higher 2 . One final example is the calculation of supergraphs, which makes cancellations between bosonic and fermionic Feynman diagrams manifest, and which simplify our calculations. These tools allow us to find some exact results even though the superpotential is real.
In this work we use supergraphs to find the phase diagrams of N = 1 gauge theories coupled to fundamental matter multiplets. When the theories are weakly coupled (e.g. when the fields are very massive), the vacuum can usually be found through a simple semiclassical computation. However, in the strongly coupled regime the vacua are more complicated. In this case one must calculate the effective potential of the theory to find the correct vacua [9] , which can be calculated in perturbation theory using Feynman diagrams. We use a SUSY generalization of this effective potential (called the effective superpotential).
Given a 2+1d N = 1 gauge theory with massive matter fields Φ, we calculate the 1-loop effective superpotential for matter fields in an arbitrary representation R, assuming that there is a single Chern-Simons (CS) level 3 k. The result is 4
Here m is the tree-level mass, κ = kg 2 2π , g is the gauge coupling, i = 1, ..., N f is the flavor index and T a for a = 1, .., dim(R) are the generators of the gauge group in the representation R.
Next, we restrict ourselves to matter in the fundamental representation; we mostly discuss the unitary, orthogonal and symplectic groups in this paper. Having found the effective superpotential, we can study the vacua and the phase structure of the theory. We find that 1-loop corrections to the superpotential have a drastic effect on the phase diagram of the theory. While the classical theory can have a moduli space (when the matter fields are massless), this moduli space is generally lifted at the 1-loop level. On the other hand, the 1-loop superpotential can create new vacua that do not appear at the classical level when the fields are massive. 1 2+1d Theories with N = 1 supersymmetry have 2 supercharges. 2 This is because SUSY vacua have zero energy. Recall that classical SUSY vacua with vanishing Witten index can be lifted dynamically, whereas classical SUSY vacua with non-vanishing Witten index must have zero energy also at the quantum level. 3 By this we mean that the result is valid when the "quantum" CS levels (schematically obtained by integrating out all of the fermions, see e.g. [10] ) are all equal. This is automatically obeyed for gauge groups such as SU(N), O(N), SO(N), Sp(N) and so on, but is also obeyed for theories such as N = 1 U(N) k+ 1 2 N,k (since after integrating out the gaugino we find U(N) k , which has a single CS level). 4 Our convention here is that under time reversal, k → −k, so it suffices to study k > 0.
We summarize our results for the phase diagrams of these theories. We find that the theories we study all have a universal form for their phase diagram shown in Figure 1 . For concreteness, we describe the phases for a specific example we study in this paper: a U(N) k+ 1 2 (N+N f ),k+ 1 2 N f gauge theory with N f fundamental matter multiplets. Solving the F-term equations, we find the phase diagram that appears in Figure 1 , with the following phases:
• For m > m * for some m * > 0, we find a single solution to the F-term equations. The resulting low-energy theory is an N = 1 U(N) k+ N 2 +N f CS theory.
• For m < 0, we again find a single solution, with an N = 1 U(N) k+ N 2 CS theory.
• In the intermediate phase 0 < m < m * , we find min(N + 1, N f + 1) solutions to the F-term equations. These exhibit various symmetry-breaking patterns, and consist of an N = 1 vector multiplet with a decoupled nonlinear sigma model (NLSM).
We claim that this picture is correct for all N and N f in the range k > − min(N f , N). Note that some of the vacua above may have vanishing Witten index, and are expected to break SUSY dynamically due to non-perturbative corrections.
This behavior of a pure N = 1 CS theory is reviewed in Section 2.2.
There are two interesting points in the phase diagram that we must discuss. First, at the point m = 0 we find a "wall" where the Witten index jumps due to the appearance of vacua from infinity [8] (this appeared in a similar analysis where the matter content was a single adjoint matter multiplet [1] ). Second, we find a single phase transition point where many SUSY vacua merge together to create a single SUSY vacuum (specifically, for k ≥ 0 we find that the number of SUSY vacua that merge is min(N f + 1, N + 1)). This critical point is highly unnatural; generically, we would need to tune n − 1 relevant deformations to find a fixed point where n vacua collide. Note that such a critical point did not appear when the matter field was in the adjoint representation; there, instead of one non-generic critial point, there were many different phase transitions in the range 0 < m < m * for some m * [1] . We call the non-generic critical point at m = m * a "super-critical" point 5 .
The phase diagram can be explicitly found at 1-loop by studying the effective superpotential (1.1). However, we
show that this phase diagram is actually an exact result to all orders in perturbation theory (and only the value of m * can be changed by higher-loop corrections). This makes the phase transition point at m * much more interesting. As explained above, having such a super-critical point in the theory is highly unnatural, since a generic small quantum correction should split this single point into many phase transitions. However, we are able to use general arguments that rely only on the symmetries of the theory to show that this super-critical point should indeed persist to all orders in perturbation theory.
These symmetry arguments turn out to useful in an even wider range of theories. Much of this paper is devoted to studying the solutions of the F-term equations due to the superpotential (1.1) in the range 0 < m < m * for various gauge groups. As discussed above, we find that the solutions are universal, which means that a wide range of gauge theories with CS terms and fundamental matter fields have the same general form for their phase diagrams, appearing in Figure   1 . We explain this universality using the same symmetry arguments, and show that these solutions are expected to persist to all orders in perturbation theory, again allowing for exact results for the theories we study in this paper.
Next, we study the phase transition point at m * in more detail. As explained above, since the phase transition is between SUSY vacua, it must be (at least) second order. The phase transition is thus described by a conformal field theory (CFT). We can study some of its properties by considering the RG flows of these theories at large k.
The two-loop beta functions of CS theories with matter were calculated in [11, 12] . However, since our theories also include a Yang-Mills (YM) term, it is not immediately obvious how to relate these results to our theory. To do so, we must first integrate out the very massive YM mode from our theory, which lead to a low energy CS-matter theory with some effective superpotential. We can then use the two-loop beta functions of [11, 12] to find the fixed point we flow to, and to study the corresponding CFT at the super-critical point. In particular, it is shown that while this fixed point generically has N = 1 SUSY, in some degenerate cases we find emergent N = 2 SUSY in the infrared (IR).
The special case of an SU(2) gauge theory with N f fundamental matter multiplets is discussed separately. The global symmetry of this theory is classically enhanced 6 to Sp(N f ), and we find that this enhanced symmetry is present in the IR fixed point as well.
The phase diagrams and RG flows lead us to propose some N = 1 dualities at the phase transition point m = m * .
A duality was recently proposed for N = 1 gauge theories with fundamental matter the special case N f = 1 [1] . Our results allow us to generalize this duality to all values of N f :
The proposed range of this duality is k > − min(N f , N). The universality discussed above allows us to propose similar 6 To avoid confusion, we use the word "enhanced" when discussing symmetries which are classically larger than naively expected, and "emergent" when discussing symmetries which appear only in the IR. Specifically, while an SU(N) gauge theory with N f fundamental matter fields has a U(N f ) global symmetry, in the case N = 2 this is classically enhanced to Sp(N f ), as we shall review in this paper. N = 1 dualities for other gauge groups. These dualities are:
Note that some of these dualities have already been studied at large N for the case N f = 1 [6, 13] .
As we shall see, it is of vital importance that to all orders in perturbation theory, there is a single phase transition point m = m * . This fact allows us to match the various phases of these theories exactly across the phase transition point. We emphasize that these dualities are inherently N = 1 supersymmetric, as we do not expect the theories above to have emergent N = 2 SUSY (apart from degenerate cases that we discuss in the text).
The dualities (1.3)-(1.6) lead to an interesting result for the special case k = N − N f . For example, duality (1.5) reduces to:
which means that the theory has emergent time-reversal symmetry in the IR. We obtain a similar result for the rest of the dualities (1.3)-(1.6). As discussed in a recent paper, the superpotential in N = 1 time-reversal invariant theories cannot be perturbatively renormalized. Thus, the appearance of a classical moduli space may lead to an exact moduli space in the full quantum theory [4] . We thus might expect the theory in (1.7) (and the corresponding theories from the rest of the dualities) to have an exact quantum moduli space. This was shown explicitly for the specific case N = N f = 1 of (1.7) by the authors of [4] (the emergent time-reversal invariance in this case was also studied in [14] ).
The dualities (1.2)-(1.6) look very similar to some well-known 2+1d N = 2 dualities [15] [16] [17] [18] . In fact, we show that most of these dualities can be guessed very naively from known N = 2 dualities, and a discussion of the RG flows of these theories at large k indicate that we can flow from the N = 2 dualities to our N = 1 dualities (some of the dualities above were related more carefully to their N = 2 versions at large N and for N f = 1 in [13] ). The only exception is (1.6), whose N = 2 version has not yet appeared in the literature. This allows us to conjecture a new N = 2 duality:
on which we have performed some nontrivial checks. This connection to theories with N = 2 SUSY (in which the superpotential is holomorphic, as opposed to theories with N = 1 SUSY) allows us to better understand the phase diagrams we found. In particular, we discuss how this connection might help explain the unnatural super-critical fixed point at m = m * .
These dualities are also related to the recently proposed non-SUSY bosonization dualities . One way in which this can be seen is by naively integrating out the gaugino in the dualities (1.2)-(1.6) and comparing to the results of [14, 45] . Further evidence for this is that the non-SUSY dualities have been shown to be related to the N = 2 SUSY dualities mentioned above [13, 46] . We will not be discussing the relation to the non-SUSY dualities further in this work.
This paper is outlined as follows. We begin by reviewing the relevant background material in Section 2. In Section 3, we calculate the effective superpotential for an N = 1 gauge theory with matter in an arbitrary representation.
Readers interested in the results for the phase diagrams and dualities (and not in the derivation of the effective superpotential) can safely skip most of Section 3, and start at Section 3.4. In Section 4 we use this effective superpotential to find the phase diagrams of U(N) and SU(N) gauge theories, and then use symmetry arguments to prove that these phase diagrams are universal. In Section 5 we discuss the RG flow diagrams of our N = 1 theories when deforming by the available classically marginal N = 1 operators. This allows us to study the emergent symmetries of the CFT at the super-critical point m = m * , and to prove that in generic non-degenerate cases the dualities discussed above are genuine N = 1 dualities. In Section 6 we generalize the N f = 1 duality of [1] to any number of fundamental fields, and conjecture many similar dualities due to the universality of the phase diagram. We also relate most of these dualities to existing N = 2 dualities, and discuss the one exception (1.8).
During the initial stages of this work, some of the main results were also noticed independently by [47] .
Background

Gauge Theories in N = 1 Superspace
Our superspace conventions are summarized in Appendix A. The gauge multiplet is described by covariantizing the spinor and vector derivatives:
where the generators are hermitian (which is why there is an i in the definition of the gauge covariant derivative ∇ α ).
The Bianchi identities imply:
The explicit form of W α is
3)
The Lagrangian for a gauge theory in 2+1d consists of three parts: a Chern-Simons term, a Yang-Mills term, and a matter coupling. The CS action is:
Using cyclicity of the trace, this can be written out as:
The YM term is
where the higher order terms are not needed for a two-loop calculation. We can rewrite the kinetic terms as:
When we gauge fix, we also use the identity:
Finally, the gauge invariant matter action is:
Gauge fixing typically involves nontrivial weighting functions and hence propagating Nielsen-Kallosh ghosts [48, 49] . Let us consider the naive gauge fixing term (after integrating by parts)
This gives rise to a (decoupled) free massive Nielsen-Kallosh ghost with a kinetic operator
, and a usual Faddeev-Popov ghost action:
The gauge-fixed kinetic term is (using (2.8)):
We use Landau gauge in the following, which is obtained by taking 7 α, β → 0. Using (2.12) one can then find the gauge field propagator. Choosing Landau gauge, we find for the gauge field propagator:
where we defined κ = kg 2 2π .
Free N = 1 Vector Multiplets
We discuss the physics of a free N = 1 vector multiplet. For our purposes, it suffices to consider N = 1 SU(N) k gauge theories 8 . For simplicity, we denote an N = 1 SU(N) k vector multiplet by SU(N)
, and the usual non-SUSY theory by just SU(N) k .
Witten [50] found that the behaviour of SU(N)
can be split into two regimes. In the small coupling regime
TQFT (this can be seen naively by integrating out the adjoint gaugino, which has a mass proportional to k and with opposite sign). On the other hand, in the strong coupling regime k < N 2 , the 7 It is actually enough to take either α → 0 or β → 0. 8 The behaviour of N = 1 U(N) k,k gauge theories can be deduced immediately by noticing that the fields of the vector multiplet are in the adjoint representation, and so their behaviour is affected only by the SU(N) part of U(N) k,k .
Witten index of these theories vanishes. In this case the vacuum consists of a U(k + N 2 ) − N 2 +k,−N TQFT with a Majorana goldstino [3] . Due to this behaviour, one can write down an N = 1 version of level-rank duality for SU(N) and U(N) vector multiplets:
which is valid for k ≥ 0. Indeed, after integrating out the gaugino we find that this reduces to the usual level-rank duality [51] [52] [53] .
The Witten indices of some N = 1 CS theories are collected in Appendix D.1.
Gauge Theories with a Single Fundamental Matter Multiplet
The authors of [1] studied N = 1 U(N) and SU(N) gauge theories with CS terms and with a single fundamental matter multiplet (i.e. N f = 1). Due to the structure of the phase diagram, they proposed the following duality:
where Φ, Φ are fundamental matter multiplets. In this duality the mass term Φ † Φ maps to − Φ † Φ.
This duality was motivated by the study of N = 1 SU(N) k gauge theories with a massive adjoint matter multiplet We review the behavior around the phase transition point m * in more detail. On the U(N) side of (2.15), the phases are:
• for m > m * we have one vacuum with a U(N) k+1 TQFT.
• for m < m * we have two vacua, one with a U(N) k TQFT and one with a U(N − 1) k+1 TQFT.
While on the SU(N) side, the phases are:
• for m > m * we have one vacuum with an SU(k + 1) −N+1 TQFT and one with an SU(k) −N TQFT.
• for m < m * we have one vacuum with an SU(k + 1) −N TQFT.
Using level-rank duality we find that the phases match around the transition point (after taking m → −m), and so the duality is consistent.
Note that the duality matches a Higgsed vacuum on one side (e.g. U(N − 1) k+1 ) to a vacuum without Higgsing on the other side (SU(k + 1) −N+1 ). In addition, note that far away from the transition point (i.e. at m −g 2 ), the phases of the two theories no longer match; on the U(N) side we find a U(N) k TQFT, while on the SU(N) side we find an SU(k + 1) −N+1 TQFT. This does not affect the duality, since the phases only need to match in the vicinity of the transition point. Both of these properties appear in the generalization of the duality to higher N f , which is the focus of this paper.
A complete picture of the conjectured phases of the U(N) theory with N f = 1 appears in Figure 2 . In the present gauge theory coupled to a single fundamental matter multiplet.
paper, we find the 1-loop superpotential for the theories in (2.15), and we prove this phase diagram. We also are able to generalize the phase diagram and the duality to theories with any number N f of fundamental matter multiplets. As usual, the component potential is found by eliminating the auxiliary fields of the scalar multiplets (in three dimensions, the vector multiplet has no auxiliary field). This leads to an interesting effect; suppose that we expand the superpotential in loops
The auxiliary field F = D 2 X enters the bosonic part of the component Lagrangian as:
Eliminating F leads to a potential 9
where the ellipsis indicates contributions beyond two loops. Notice that if the tree-level superpotential vanishes (W 0 = 0), then the two-loop potential U 2 comes entirely from the one-loop superpotential W 1 , which is a very nice simplification.
Actually, there is another contribution to the potential: in general, the kinetic part of the super-Lagrangian ∇ αX ∇ α X gets finite corrections by a multiplicative factor Z = 1 + ∑ =1 Z , which leads to a factor in front of the component action ZFF, and hence lead to a component potential
Clearly, this does not modify supersymmetric vacua to any loop level, as they are characterized by ∂W ∂ X = 0, but could lead to some effects for non-supersymmetric vacua. We thus find that in the absence of a tree-level superpotential W 0 , finding the SUSY vacua of the effective potential U to 2-loop order requires computing W only to 1-loop order.
Massless 1-Loop Superpotential
We can now calculate the 1-loop effective superpotential for Φ i using the background field method (where i = 1, ..., N f is the flavor index). As explained in the introduction, we assume here that all of the "quantum" CS levels are equal.
The resulting superpotential is thus applicable to N = 1 gauge theories such as SU(N) k and U(N) k+ 1 2 N,k , but for general U(N) k,k gauge theories an additional calculation is required. We comment on such gauge theories at the end of this section and in Appendix C.
Assume that the matter field Φ i has a vacuum expectation value (vev) φ i . Using (2.13) we find that in Landau gauge the propagator is transverse:
This allows us to ignore the vertex iD α Γ α (Φ i φ i −φ i Φ i ) at one loop in the effective superpotential. 10 The calculation thus includes only a sum over diagrams with insertions of the vertex Figure 3 . Let us define the superpotential to be 11 
We can thus find Σ by summing 9 This isn't actually completely correct-see (3.4). 10 The vertex actually arises as −iΓ α (D αΦi φ i −φ i D α Φ i ) because we are only interested in contributions to the effective superpotential and therefore can drop any terms with D α φ or D αφ . 11 The action is thus obtained by the usual expression S = i d 3 xd 2 θW . We note that the 1-loop effective superpotential can be obtained as a direct supersymmetric extension of the 1-loop Coleman-Weinberg potential:
The 1-loop diagrams we sum over for the 1-loop superpotential over the diagrams:
where φ 2 is the dim G×dim G matrix defined by
To simplify this expression we can plug in the following identity:
This allows us to formally sum this series to find
We must take care of the remaining θ integral. We use the following identities:
from which we conclude that W can be rewritten as
Where Σ| D 2 means we are keeping only the terms proportional to D 2 after reducing polynomials in D by using the identities from Appendix A. To calculate this integral, we use the following identity:
We can thus rewrite W as
We must now evaluate the momentum integral. It is much simpler to calculate W instead. We find:
which results in:
and finally
reintroducing the color and flavor indices, this can be written as 12
We can now use this result to calculate the 2-loop effective potential for φ (as explained in Section 3.1). We note that as explained above, since the tree-level superpotential vanishes, the solutions of the F-term equations due to this superpotential are actually the 2-loop solutions when written in components.
Adding a Mass Term
We now add a mass to the matter field Φ, which amounts to adding a tree-level superpotential of the form W 0 = mΦΦ.
The effective superpotential now takes the form
The important point here is that adding a mass term did not change the 1-loop contribution from the previous section, since we do not have any matter fields running in the loops in Figure 3 . This means that the massive result is just the sum of the tree level and the massless 1-loop result (of course, at higher loop orders this will not work). Again, one can now calculate the effective potential using the methods described in Section 3.1.
Summary
We have thus found that the 1-loop effective superpotential for massive matter in an arbitrary representation is
We can now use this to find the SUSY vacua by solving the F-term equations W = 0. We emphasize that when m = 0, the resulting solutions are the correct vacua to 2-loop order in the component fields. To simplify notation in the following, we redefine the fields and the couplings so that the effective superpotential W is proportional to
Furthermore, since we are only interested in the solutions to the F-term equations in the following, we can disregard the proportionality constant and treat W in (3.19) as our superpotential.
We can write down the superpotential (3.19) explicitly for specific representations and gauge groups. First, we find the superpotential for a U(1) k gauge theory with N f charge 1 fields. Assuming the matter fields have vevs φ i , the superpotential reduces to the simple form
Next, we can discuss the adjoint representation of SU(N) and U(N). Assume that φ gets a constant vev. For φ in the adjoint representation of U(N) or SU(N), we can think of φ as an N ×N matrix. We can then use gauge transformations to put the vev matrix φ in the form φ = diag(φ 1 , ..., φ N ) (remembering that for SU(N) we have ∑ i φ i = 0). Plugging this into the superpotential (3.19) we obtain
The resulting effective potential can be compared to those obtained in [54, 55] .
Next, we discuss SU(N) and U(N) gauge theories with fundamental matter (where as explained above, the two quantum CS levels for U(N) are identical). We can try to repeat the process described above. Assuming we have N f fields in the fundamental representation, we can think of φ as an N × N f matrix. Using combined gauge and flavor transformations, we can then choose a representative of the vev matrix φ which is in upper-diagonal form. Explicitly,
with φ i > 0. We have a similar form for N f > N (with N terms on the diagonal). However, this still does not give a simple form for the superpotential for an SU(N) or a U(N) gauge theory with fundamental matter (so that we have to restrict ourselves to a numerical study of this superpotential). One case in which the superpotential is simplified is for an SU(N) k+ 1 2 N ×U(1) k gauge theory with fundamental matter. For N f > N we obtain
For N f ≤ N, if we take the vector φ i of length N f and pad it with zeros to make it of length N, then the result is identical to (3.23) 13 .
Next we discuss SO(N) gauge theories with fundamental matter. The idea is the same as before. After putting φ into upper-diagonal form, we find for
And again, this expression is also true for N f ≤ N if we pad φ i with zeros to make it of length N.
Finally, we must discuss a general N = 1 U(N) k,k gauge theory. When the quantum CS levels for the fields are different, the calculation above becomes much more complicated. In this case, we must restrict ourselves to an integral form for the superpotential, similar to the form (3.12), which allows us to perform a numerical analysis. We describe the calculation in Appendix C. 13 More generally, for both N f ≤ N and N f > N we can write a U(N f ) invariant expression for W as well:
Phase Diagrams
We can now use the 1-loop superpotential (3.19) to find the phase structure of N = 1 gauge theories with fundamental matter. To do this, we give an arbitrary vev to the matter fields φ i , and find the SUSY vacua by solving the F-term equations ∂W ∂ φ i = 0. We start by performing this analysis for two cases in which the superpotential is particularly simple: a U(1) k gauge theory and an SU(N) k+ 1 2 N × U(1) k gauge theory. What we find is that the behavior of the SU(N) k+ 1 2 N × U(1) k gauge theory is universal, and appears also in the SU(N) k and U(N) k+ N 2 ,k gauge theories (the resulting phase diagrams are of the form discussed in Figure 1 ). Note that when the gauge group is SU(2), the theory requires special treatment. In general, an SU(N) gauge theory with N f fundamentals has U(N f ) global symmetry. But in an SU(2) gauge theory, this symmetry is classically enhanced to Sp(N f ). The phases of an SU(2) gauge theory are discussed separately in Section 4.5.
We find that all of these theories have the same general form for their phase diagram. In Section 4.6 we use a symmetry argument to explain why this is the case. This argument also allows us to prove that there is a single phase transition point to all orders in perturbation theory.
The main results of this section are summarized in Section 4.7. Using the results of this section, we are able to extend the duality proposed in [1] to larger N f in the next section. 
We look for the solutions to the F-term equations W = 0. We find three different regimes:
• For m < 0 we find a single solution, φ i = 0. The vacuum in this case is U(1) k .
• For 0 < m < m * (for some m * > 0) we find two solutions: one at φ i = 0 (with low-energy theory U(1) k ) and one at |φ i | 2 = 1−4m 2 4m 2 . Let us discuss the vacuum at the latter solution. First, we note that the solution runs off to infinity when m → 0. Second, we find that it breaks the gauge symmetry and the flavor symmetry. The gauge symmetry is broken to nothing, but the breaking of the flavor symmetry leaves us with a NLSM with target
in the IR. So the low-energy theory is a CP N f −1 NLSM.
• Finally, for m > m * we once again find the single solution φ i = 0, this time with low-energy theory U(1) k+N f .
Let us discuss the Witten index of the theory. As we saw, for small positive m a new vacuum appears from infinity.
This is due to the changing of the asymptotics of the effective potential (as discussed in [1] ), and can cause the Witten index to jump [8] . Indeed, we find that the phases above have the following Witten indices (see Appendix D):
And so the Witten index jumps only at m = 0, as expected.
Another interesting point is m = m * . There, we find a phase transition where two vacua merge into one. This must be a phase transition of second order or higher, since these are SUSY vacua which have zero energy. We describe the dual theory at this phase transition later on.
This discussion is summarized in Figure 4 . 
More Warmups: Vacua of SU(N) k+
Before attempting to find the phases for SU(N) and U(N) gauge theories, we look for the phases of SU(N) k+ 1 2 N × U(1) k . The reason we do this is that (as we saw in equation (3.23)) the superpotential for this case simplifies. Thus, we can study the solutions to the F-term equations analytically for this case. Unfortunately, we could not find such a simple form for SU(N) and U(N) gauge theories, and so we have to resort to numerical calculations to study them in following sections. However, since we show that the phase diagrams of all of these theories are similar, it is worthwhile to exhibit an example where we can find the solutions analytically.
The 1-loop effective superpotential for a SU(N) k+ 1 2 N ×U(1) k theory is:
where φ i are the eigenvalues after using gauge and flavor transformations to bring φ to an upper-diagonal form. Let us discuss the solutions to the F-term equations
We find that the solution φ 0 = 0 exists for any m. Additionally, for a specific range 0 < m ≤ m * , we have min(N, N f ) additional solutions φ n of the form 14
where v n ∈ R and 1 n×n is the n × n unit matrix.
Explicitly, we find that in this case, m * = N (in the units used in equation (4.2)). We also find lim m→0 + v n = ∞, and so we learn that these solutions come in from infinity at m = 0. This is related to the fact that the asymptotics of the effective potential change at m = 0, which as we see leads to a jump in the Witten index. Furthermore, we find that all of these solutions coalesce simultaneously at the phase transition point m = m * . In other words, we find that all v n vanish at m = m * simultaneously at 1-loop. The phase diagram thus consists of a single point where the Witten index jumps, and a single phase transition point m * . We thus find a phase diagram of the form discussed in Figure 1 .
We will not study the specific vacua and phases in detail, since we are more interested in the results for SU(N)
and U(N) gauge theories. But what we find is that the solutions φ n play a pivotal role in the following sections.
Their appearance here is not a coincidence, and we show that they are also the form of the solutions for the 1-loop F-term equations for the U(N) and SU(N) gauge theories. In fact, the picture described here is almost identical to the picture in the U(N) and SU(N) case -these vacua appear from infinity at m = 0, causing a jump in the Witten index, and coalesce at a single phase transition point at some m = m * . Later we explain why this behavior is universal using symmetry arguments. These arguments allow us to show that the φ n solve the F-term equations to all orders in perturbation theory, from which we learn that there is a single phase transition point to all orders in perturbation theory. Let us find the SUSY vacua of the theory. We start by putting the vev matrix in upper-diagonal form. Plugging this form into the superpotential from Section 3.4, we can solve the F-term equations numerically as a function of m (as discussed in Section 3.4, it is difficult to find the solutions to the F-term equations for SU(N) analytically, and so we restrict ourselves to numerical results). We find that the solutions are identical to the ones in the SU(N) ×U(1) case discussed in Section 4.2. Specifically, we find that there are three distinct regions as a function of m. For large |m|, the vacuum is just the result of integrating out the massive matter, so that the vacuum is SU(N) k+ 1 2 (N±N f ) . However, 15 Due to our conventions of the CS level, it suffices to consider k + We can now find the explicit form of the low-energy theories at the solutions φ n . We study the two cases N f < N and N f ≥ N independently.
Phases of SU(N) k+
We find the phases for N f ≤ N with small positive mass. As explained above, we have a SUSY vacuum for each of the solutions φ n for n = 0, .., N f . Let us consider a specific solution φ n . In the φ n vacuum, both the gauge symmetry and the global symmetry are broken. Higgsing the gauge group leads to an SU(N − n) vector multiplet, while the breaking of the flavor symmetry leads to to a
The vacua corresponding to the solutions φ n are then:
...
where we have emphasized that the vacua are N = 1 vector multiplets. It is easy to understand the vacua above; at the solution φ n , n multiplets have a non-zero vev, while the N f − n remaining multiplets are massive. We thus break the gauge group to N − n and shift the CS level by N f −n 2 . The vacua described above are not the final solutions. To find their precise form, we must take special care of the resulting N = 1 vector multiplets, as described in Section 2.2.
Specifically, for k ≥ N f 2 they all result in TQFTs, while for k < N f 2 some solutions break SUSY dynamically. We can also study the behavior of the Witten index of the theory. In Appendix D.2, We show that the Witten index jumps only at m = 0, and does not jump at the phase transition point m = m * (this is similar to the result in [1] ). The picture is thus the following. For negative mass, there is one vacuum. At small positive mass, N f new vacua appear from infinity (which lead to the jump in the Witten index). These vacua merge together with the vacuum at the origin at the phase transition point m = m * , resulting in a single vacuum for m > m * .
In Section 4.6 we prove that this picture persists to all orders in perturbation theory. In particular, the solutions to the F-term equations of the full superpotential also coalesce at a single point, so that there is only one phase transition.
N f ≥ N
The case N f ≥ N has a few additional subtleties that we must take care of. Specifically, in this case there is a vacuum φ N in which the gauge group is completely Higgsed, and we find that the solutions "truncate" when we reach this maximally Higgsed solution. We find that the vacua for small positive mass are:
where n = 0, ..., N − 1. Once again, we find that the Witten index jumps only at m = 0 (and not at the phase transition point). This is proven in Appendix D.3. We now study the phase structure of U(N) k+ 1 2 N,k gauge theories as a function of the mass m of the matter multiplets. Again we give all of the N f matter multiplets the same mass m. One immediately finds that for large |m|, the vacuum is just the result of integrating out the massive matter multiplets, so that the large mass phases are N = 1
Phases of U(N) k+
vector multiplets. However, for 0 < m < m * , the solutions φ n appear once again, and a more careful analysis must be done. We perform this analysis separately for N f ≤ N and N f > N. The resulting phase diagram appears in Figure 6 (note that this phase diagram is still of the general form discussed around Figure 1 ). 
With n = 0, ..., N f . As we show in Appendix D.4, the Witten index jumps only at the point m = 0.
The shift of the U(1) CS level must be explained. In addition to the shift due to integrating out the matter multiplets, there appears to be another shift of the U(1) CS level. This is due to the fact that by definition, a U(N) K,K CS theory has a Lagrangian of the form
and so Higgsing the gauge group also shifts the value of the U(1) CS level 16 K .
N f > N
Once again, we find a similar result for N f > N with some minor changes. We again find that the phases truncate when we reach maximal Higgsing at the solution φ N , so that the phases for small positive mass are:
with n = 0, ..., N. Once again, to find the exact form of the vacua one must be careful about the value of k, and whether or not SUSY is broken. In Appendix D.5 we show that once again the index jumps only at m = 0.
SU(2) Gauge Symmetry and Enhanced Global Symmetry
We now discuss the case of an SU(2) gauge theory. This case is special, since the global symmetry is enhanced at the classical level from U(N f ) to Sp(N f ). This leads to a different vacuum structure in the phases discussed above, since the global symmetry breaking pattern is different (and so the NLSM is different). However, we show that the discussions that appeared above (and in particular the matching of the Witten index across the phase transition) applies here as well.
We start by explicitly describing the enhancement of the global symmetry in a theory with an SU(2) gauge theory coupled to a boson in the fundamental representation. The generalization to a SUSY theory is immediate. The main point is that for an SU(2) doublet φ , the Lagrangian
, where a, b are color indices. The resulting Lagrangian is
here, the color indices are implicitly contracted using and I, K = 1, ..., 
Universality of Solutions and the Phase Transition
The theories we have discussed exhibit a very interesting pattern. It seems as though the general form of the solutions to the F-term equations at 1-loop does not depend on the the CS level or the gauge group. In other words, the form of the solutions φ n = v n · 1 n×n 0 described above seems to be universal for gauge theories with fundamental matter (although the specific values of the v n 's are not universal). Additionally, it is interesting that at one loop there is a single phase transition point, even when the number of vacua is large.
We now use a symmetry argument to explain both of these properties. First we show that these solutions are indeed universal in a certain sense, and that they appear to all orders in perturbation theory. This also allows us to show that there is a single phase transition to all orders in perturbation theory. This result is very important for our conjectured dualities, since the fact that there is a single phase transition means that we must match all of the vacua on both sides of the duality. We prove these properties for U(N) and SU(N) gauge theories with fundamental matter, but as we comment below, the proof can easily be applied to more gauge groups with fundamental matter.
We first study the symmetries of the superpotential. A general solution of the F-term equations φ can be put in upper diagonal form using combined gauge and flavor rotations. Let us label the resulting values on the diagonal by v 1 , ..., v K (where v i ∈ R and K = min (N, N f ) ). It is crucially important to find the residual symmetries of the solution φ . First, we can permute the different v i 's, and so we have an S K symmetry. Furthermore, we can take any v i → −v i , and so we also have a (Z 2 ) K symmetry. The superpotential W (v i ) must be invariant under both of these symmetries, and so W is a symmetric and even function in v 1 , ..., v K .
Using this fact, we find that it suffices to prove the existence of the solution φ K (for which all of the values on the diagonal are equal, v 1 = ... = v K ) to show that all of the φ n 's exist. Indeed, since W is even in each of the v i 's, we find that taking any solution and replacing one of the v i 's with zero gives another solution 17 . Thus it suffices to show that φ K exists to show that all of other solutions exist as well.
It should not be surprising that a symmetric function W has such a symmetric extremum φ K , but we can give a rigorous argument that shows why we expect it to be an extremum to all orders in perturbation theory.
Let us assume that we can show that the solution φ K exists at 1-loop (as we have managed to do in the previous sections). We now claim that the form of φ K is preserved also to higher loop orders. This is the result of a general lemma, which states that small corrections cannot cause a global symmetry to be broken in the vacuum 18 [56] . 17 The proof of this fact is identical to the proof that an even function f (x) has f (0) = 0. 18 We must assume that the theory is weakly coupled so that perturbation theory is justified, e.g., by taking large k. However, since our results remain consistent in the range k ≥ − min(N, N f ), we assume that this works for smaller k as well. It is also important that we have a tree-level mass term for this argument.
We have thus found that the solutions of the form φ n = v n · 1 n×n 0 always appears, regardless of the specific form of the superpotential. Thus the solutions discussed above remain solutions to all orders in perturbation theory (for some unknown v n 's).
Having proven this, it is simple to show that there is only one phase transition. This is done in Appendix E. This should already sound reasonable, since the form of the solutions makes it obvious that a phase transition where two vacua φ n , φ k collide can occur only when v n = v k = 0. Thus the phase transitions all occur at the same point in field space, φ = 0 (and in particular, they must include the vacuum at this point).
There are some comments we must make about this proof. First, we can ask whether additional solutions which are not of the form φ n can appear at higher loop orders. We do not expect this to happen, since we cannot see these solutions at 1-loop order, and it is very unlikely that small quantum effects can create them. Furthermore, if these vacua exist then they are extremely restricted; for example, we saw that the vacua φ n exactly agree with the expected behavior of the Witten index, so that any additional vacuum must have vanishing Witten index, meaning that they can disappear even without a phase transition.
One can also ask why the proof does not work for the large |m| regime as well, where we saw that the only solution is φ = 0. Our analysis of the U(1) gauge theory gives us the answer; the solutions φ n do appear in this regime, but they become complex solutions (that is, the parameter v n becomes complex). But then how do we know that these solutions are guaranteed to become real for some range of m? This is simply due to the fact that the asymptotic phases do not have the same Witten index. We conclude that the Witten index must jump for some m, and so we must have new vacua coming in from infinity. It is reasonable to assume that these vacua are the φ n 's (precisely because we have shown that their Witten index is the difference between the Witten indices of the two large |m| phases).
Finally, it is important to note that the proof was only valid for matter in the fundamental representation. Indeed, when using adjoint matter one finds completely different solutions [1] . This is because in the adjoint representation the residual symmetries are different -specifically, after diagonalizing the vev matrix φ , we do not have a residual
It is now clear that the proof works for many more gauge groups. In particular, one can redo the argument for gauge groups such as SO(N), O(N) and Sp(N). Indeed, studying the superpotential (3.18) for these theories, one can explicitly find the solutions φ n at 1-loop, and so the proof proceeds in the same manner (in the cases where the superpotential simplifies, as in the SU(N) ×U(1), SO(N) and O(N) cases, one can prove analytically that the φ n 's are the only solutions in the intermediate phase at 1-loop.). We thus expect similar phase diagrams for these theories as well.
Summary
We summarize the main parts of this section. We have shown explicitly that at 1-loop, both SU(N) and U(N) gauge theories with CS terms and fundamental matter fields all have very similar phase diagrams. The general form of these phase diagram was given in Figure 1 . These phase diagrams have 3 regimes as a function of m. For negative mass, there is a single vacuum, found by naively integrating out the massive matter multiplets. For 0 < m < m * , there are many SUSY vacua, each corresponding to an N = 1 NLSM with a decoupled CS TQFT (these may also be SUSYbreaking). All but one of these vacua appear from infinity in field space for small positive mass, causing the Witten index to jump. At m = m * , these vacua coalesce simultaneously into a single vacuum for m > m * . The vacuum at m > m * can again be obtained by naively integrating out the massive matter multiplets. The diagram for a U(N) gauge theory is given in Figure 6 , and the diagram for an SU(N) gauge theory is given in Figure 5 . We also considered the special case of an SU(2) gauge theory, where classically the symmetry group is enhanced to Sp(N f ). This changes the symmetry breaking pattern in SU(2) theories as opposed to SU(N) theories with N > 2.
It is no accident that all of these theories have similar phase structures, as explained in the symmetry argument in Section 4.6. This same symmetry argument proves that all of the different vacua in the intermediate phase all coalesce simultaneously at m = m * to all orders in perturbation theory (this is highly unnatural, and we understand this better after studying the N = 2 versions of these theories in the next sections). We thus expect the 1-loop picture to persist to all orders in perturbation theory, and expect quantum effects to change this picture only slightly (e.g. by shifting the value of m * from the 1-loop result). The fact that there is a single phase transition also allows us to suggest dual descriptions for the phase transition at m = m * . We take a more careful look at this point in the following sections.
Fixed Points and RG Flows at Weak Coupling
In the previous sections we analyzed N = 1 SQCD 3 with a mass deformation, and found a second order phase transition (which should be described by a CFT). We now attempt to study this fixed point more carefully, in the limit where the theory is weakly coupled (in particular, for large CS level k). In this limit we can safely decouple the Yang-Mills term, and are left with a pure CS-matter theory. We can then use the results of [11, 12] , where the beta function of a CS theory with matter fields was analyzed.
We start by considering the general RG flow diagram obtained in [12] , and determine the specific fixed point our theory flows to at large k, assuming the classical superpotential vanishes in the CS-matter theory. In particular, we find that for some degenerate cases, this fixed point has emergent N = 2 SUSY. We then consider the special case of an SU(2) gauge theory. We find that the enhanced symmetry observed in Section 4.5 is also apparent in the RG flow diagram, and supports our previous analysis.
There is one important subtlety we must take care of before applying the results of [12] to N = 1 SQCD 3 . When we decouple the Yang-Mills term and keep only the CS term from N = 1 SQCD 3 (see Appendix B), we may generate a superpotential for the resulting CS theory, and in particular, generate non-zero values for the marginal couplings.
Thus, to find the correct RG fixed point we flow to, we must plug in these couplings into the result of [12] , and follow the RG flow to find the fixed point. However, we will show that at large k, the couplings which are generated are negligible, and so our assumption that the flow starts with vanishing classical superpotential in the CS-matter theory is justified.
RG Flows and Fixed Points at Large k
We start by analyzing the fixed point that our N = 1 SQCD 3 theory flows to at large k (the specific case of an SU (2) gauge group is studied in the next section). We emphasize once again that we assume that in flowing from the YM-CS theory to the CS theory, the additional couplings that are generated may be neglected (we prove that this assumption is justified in Section 5.3). We can thus find the fixed point we flow to by following the RG flows of [12] when starting from the origin.
There are two cases we must discuss separately. For N = 1 SQCD 3 with gauge group SU(N) or U(N), there are generically two classically marginal operators which preserve N = 1 SUSY; these are 2 , where i = 1, ..., N f is a flavor index and η 0 , η 1 are coupling constants. However, in degenerate cases, these two operators coincide. These degenerate cases are:
• When the gauge group is U(1)
In these two cases, there is only one marginal operator that preserves N = 1. So we must discuss the degenerate and the non-degenerate cases separately.
We start by discussing the degenerate cases. The results of [11, 12] show that in these cases, flows that originate in a neighborhood of the origin flow to a fixed point with N = 2 SUSY, which is located at η 1 = 8π k . These theories thus have emergent N = 2 SUSY at the fixed point.
We now discuss the non-degenerate cases, where there are two independent classically marginal operators. For matter fields in the fundamental representation, the results of [12] give the following result for the beta function for an
the results for a U(N) gauge theory are similar in the large k limit. We plot the resulting RG flow in Figure 7a .
We now discuss the fixed points. First, we find that in the non-degenerate case, the N = 2 fixed point is actually a saddle point, and so is unstable. Instead, there is a stable N = 1 fixed point located at η 0 , η 1 > 0. From inspection of the beta function or Figure 7a , we can see that flows which originate in a small neighborhood of the origin end up at this N = 1 fixed point. We conclude that the non-degenerate cases of N = 1 SQCD 3 flow to this N = 1 fixed point.
To summarize, we studied the fixed point for N = 1 SQCD 3 with large CS level k and no classical superpotential.
In particular, we find that for large enough k:
• A U(1) k gauge theory with N f ≥ 1 flows to an N = 2 fixed point.
• SU(N) k and U(N) k gauge theories with N > 1 and N f = 1 flow to an N = 2 fixed point.
• SU(N) k and U(N) k gauge theories with N > 1 and N f > 1 flow to an N = 1 fixed point. 
RG Flows for SU(2) and Enhanced Global Symmetry
For an SU(2) gauge theory, the beta function simplifies (here again,k ≡ k 2π ):
The corresponding RG flow is shown in Figure 7b . We find that the N = 2 fixed point is still unstable, but now the stable N = 1 fixed point lies on the vertical axis (η 0 = 0). Furthermore, we find β η 1 (0, η 0 ) = 0, which means that if the theory has η 1 = 0 classically then no η 1 is generated by quantum effects. This is consistent with the fact that η 0 = 0 preserves the Sp(N f ) global symmetry discussed in Section 4.5, while η 1 = 0 does not. This gives a non-trivial check for the validity of the calculation in [12] .
We conclude that an SU(2) gauge theory with N f > 1 at large k flows to an N = 1 fixed point which preserves the Sp(N f ) global symmetry.
Flowing from Yang-Mills-Chern-Simons to Chern-Simons Theory at Large k
We now justify our assumption that the correct fixed point for our theory is found by setting the classical superpotential of the corresponding CS-matter theory to zero. As explained above, our theories differ from those studied in [12] by a YM term. To find the correct fixed point for our theories, we must find what couplings are generated by integrating out the YM term. We find that these couplings are negligible for large k. This means that it was justified to find the fixed point by starting the flow from the origin as done in Figure 7 .
In flowing from YM-CS theory to CS theory, we generate Φ 4 couplings in the effective action 19 . To find the couplings, we must find the effective action which results from integrating out only the very massive gauge field mode. To explain how this is done in more detail, we assume that the gauge group is U(1) for simplicity. At large k an abelian Higgsed YM-CS theory has two massive gauge field modes, with masses [57] :
Here, m CS = kg 2 2π and m H = 2gv with v the scalar vev. We find that at large CS level k, we have one very massive mode (with mass m ∼ kg 2 ) and one light mode. Comparing to the spectrum of a Higgsed CS theory, we find that we can associate the very massive mode with the YM term and the light mode with the CS term. Since we want to flow to a CS theory, we must integrate out only the very massive YM mode to end up with a Higgsed CS theory. We show how this is achieved in Appendix B (the same method applies for a nonabelian gauge group as well).
Integrating out only the very massive mode, we generate nonzero η 0 and η 1 (call these values = η Consider the beta functions (5.9),(5.10). These can be put in the form β η 1,2 = 1 k 3 f 1,2 (η 1 k, η 2 k) for some functions f 1 , f 2 . We conclude that the RG flow only depends on η 1 , η 2 through the combinations η i · k, and so in particular the fixed points appear at η i ∼ 1 k . Since our starting point is at η (0) i ∝ 1 k 2 , we can conclude that by taking k to be large enough, we can set the starting point of the RG flow in Figure 7 to be arbitrarily close to the origin. Since there exists a neighborhood of the origin which flows to the same fixed point, we find that at large enough k we must flow to this fixed point.
To summarize, we have managed to relate our YM-CS theory with matter to the CS-matter theory studied in [12] .
Specifically, even though integrating out the YM term generates an effective superpotential, we have found that at large k we can neglect this superpotential when looking for the starting point of the RG flow. We thus find that our assumption that we can flow from the origin to find the correct fixed point is justified.
Dualities
Using the phase diagrams described above, one can generalize the N f = 1 duality described in [1] to larger N f . The generalization is:
With ΦΦ matching to − Φ Φ. Here we shall provide evidence for this duality for all N f ≥ 1 and k > − min(N f , N). 19 We also generate some non-renormalizable terms, which we ignore, as well as a shift of the CS level of order N, which we can ignore at large k.
Let us sketch a general picture of the phases of both sides of the duality, consistent with the 1-loop superpotential analysis done above. We have shown that at 1-loop, there is a single phase transition point located at m = m * . On one side of the transition, both sides of the duality (6.1) have a single vacuum: on the LHS this is a U(N) k+N f TQFT, and on the RHS this is an SU(k + N f ) −N TQFT (schematically, this is the rightmost phase in Figure 1 ). These are level rank dual, and so they match.
On the other side of the transition, the picture is much more complicated. Both sides of the duality have many vacua, which collide simultaneously at m = m * (this is the intermediate phase in Figure 1 ). Due to this simultaneous collision (or equivalently, since there is only phase transition), all of these vacua must appear arbitrarily close to the phase transition point, and so it seems like we would need to match all of these vacua across the duality. However, we remember that some of these vacua can be SUSY-breaking, and so they do not participate in the phase transition 20 .
Indeed, we are able to match the SUSY-preserving vacua on both sides of the duality.
In the following sections, we study the phases of the two sides of the duality, and show that we can match all of the SUSY-preserving phases across the two sides. We note that the matching of the phases here is a direct extension of the matching of the phases in the case N f = 1 discussed in Section 2.3. In the N f = 1 case, a Higgsed vacuum was matched with a non-Higgsed vacuum. We find a similar result here; a U(N) vacuum which is Higgsed to U(N − n)
corresponds to an SU(N) vacuum which is Higgsed to SU(N − (N f − n)) (where we have suppressed the CS levels).
We also emphasize that for the phases to match, it is imperative that there is only one phase transition, so that all of the vacua coalesce at the same point on both sides.
Finally, we show that most our N = 1 dualities can be understood as resulting from some known N = 2 dualities.
This might not be too much of a surprise, since we saw that the N = 1 fixed point is close to the N = 2 fixed point in the RG sense, and so we might expect that there exists an RG flow from the N = 2 point to the N = 1 point which could explicitly prove the relation between the dualities. We also find that one of the dualities does not have an N = 2 version in the literature. We describe this N = 2 duality and discuss some nontrivial checks we have performed on it.
6.1 Warmup: N = 1
In the case N = 1, the N = 1 duality (6.1) becomes
Let us match the phases for k > 0. As we saw above, a U(1) gauge theory has a phase transition at some m = m * . On one side of this transition we have two vacua (U(1) k and a CP N f −1 NLSM), and on the other we have a single vacuum (U (1) k+N f ) . As for the SU(k + N f ) gauge theory, we also have a phase transition at some m = m * . On one side of this transition we have a single vacuum (SU(k + N f ) −1 ), while on the other side we have N f + 1 vacua. However, only two of these vacua are SUSY-preserving: SU(k) −1 and M N f ,1 = CP N f −1 . Using level-rank duality, we can thus exactly match the phases of these two theories around the transition point.
We are left with matching the phases for 21 k = 0. While the phase with a single vacuum is unchanged and can still be matched across the duality, we find that the vacua in the intermediate phase are slightly modified. On the U(1) side, 20 Even if these SUSY-breaking vacua aren't removed by higher-order effects, their energy is necessarily larger than that of the SUSY-preserving vacua, meaning that they cannot take part in this second-order phase transition. 21 the case N = 1, N f = 1 is more subtle and is discussed in [1] . Here we discuss N f > 1 the vacua are now a U(1) 0 gauge theory and a CP N f −1 NLSM. On the SU(N) side, the vacua are now a CP N f −1 and a
We can immediately match the two CP N f −1 vacua. To match the remaining vacua, we notice that U(1) 0 has a circle of vacua, parametrized by the dual scalar. We can thus match the two remaining vacua, since they are both NLSMs with target space S 1 .
Matching the Phases for general N
We now match the phases across the phase transition point for general N. Referring to Figure 1 , we find that both theories have one vacuum on one side of the transition point, and many on the other side. We have already discussed the matching for the side with the single vacuum, and we are left with matching the many vacua in the intermediate phase across the duality. There are four regimes we must do this for: 
Indeed, since k > 0, this is just the N = 1 version of level-rank duality described in equation (2.14) (note that
Referring to the phases described above, we find the following phase structure.
On the U side we find |k| SUSY-breaking vacua and N f − |k|+1 SUSY-preserving vacua of the form
with n = |k|, ..., N f . We note that the vacuum with n = |k| is M N f ,|k| ×U(N + k)
, and so its index vanishes.
On the SU side, we find N f − |k| SUSY-preserving vacua of the form
with n = |k|+1, ..., N f , and one SUSY vacuum
SU(N f −|k|)×U(|k|) with vanishing index. We can use the N = 1 version of level-rank duality to match all of the phases, except for the phase with vanishing Witten index which needs some care 22 .
We can once again refer to the phases described above. On the U side we have N + 1 SUSY-
. On the SU side we find N f − N SUSY-breaking vacua, and N + 1 SUSY-preserving vacua of the form
. Again, using the N = 1 version of level-rank duality (2.14) we find that these phases match.
•
On the U side we find |k| SUSY-breaking vacua and N − |k|+1 SUSY-preserving
for n = |k|, ..., N. Again, we find that for n = |k| we must take special care of the SUSY vacuum M N f ,|k| ×U(N + k)
, since its Witten index vanishes.
On the SU side we find N f − N SUSY-breaking vacua, N − |k| SUSY-preserving vacua of the form
, and a single SUSY-preserving vacuum of the form
SU(N f −|k|)×U(|k|) (with vanishing index). 22 Using the fact that a U(1) 0 gauge theory is dual to a free scalar, we find that the target spaces of the two phases are locally both
SU(N f −|k|)×U(|k|) . However, there are some global effects one must be careful with. We assume that a more careful analysis of these phases matches the global behavior of the target spaces as well.
We once again find that apart from using the N = 1 level-rank duality to show that the phases match, we must also take special care of the vacua with vanishing Witten index 22 .
Finally, we comment on the case N f > N and k < −N. In this case, we find some SUSY-preserving vacua for which we cannot use the known level-rank duality to match the phases.
More Dualities
We can now generalize this discussion to other gauge groups. Due to the symmetry argument in Section 4.6, we expect SO(N) and Sp(N) gauge groups to have the same general form for solutions to the F-term equations (indeed, a numerical analysis confirms this). We can thus find the phase diagrams for these theories. Repeating the analysis above for these gauge groups leads to the following N = 1 dualities:
We will not give a detailed proof here that the phases match for the various ranges of parameters, since the details are very similar to those discussed above. Instead, we restrict ourselves to the simplest case of k ≥ 0 and N f < N. In this case, there are no SUSY-breaking phases. The phases for the theories in the SO(N) duality (6.4) with k ≥ 0, N f < N are summarized in the following table 23 :
where n = 0, ..., N f and we used M N f ,n =
as shorthand for a NLSM with target space M N f ,n . Just like in the SU(N) and U(N) cases discussed above, we find that using level-rank duality we can match the n'th vacuum on the LHS with the (N f − n)'th vacuum on the RHS (one can also compare to [31] ).
We can also repeat the discussion above to find dualities between U(N) groups. Indeed, using U-U level-rank dualities [53] , a similar procedure leads to the N = 1 dualities
Once again, we only show the matching of the phases for the simplest case k ≥ 0, N f < N. In this case the phases for the two sides of the first duality are:
and for the second duality: 23 We are being purposefully careless here with the definition of m so as to simplify notation. Specifically, we are being careless with the sign of m. Note that the duality matches m ⇒ −m.
LHS RHS
where n = 0, ..., N f . Once again, using level-rank dualities we can match the n'th vacuum on the LHS with the (N f − n)'th vacuum on the RHS.
Emergent Symmetries and Supersymmetry
We now comment on some interesting consequences of our duality (1.2), which are related to emergent global symmetries, supersymmetry, and time-reversal symmetry in the IR. Similar results were found within the context of N = 1 SUSY in [4, 58] . Finally we analyze the special cases of U (1) SO (2) and SU (2) Sp (1) to obtain a series of dualities similar to the non-SUSY case in [22] .
Our conjectured duality (1.2) is a strong-weak duality 24 . Thus, we cannot use the RG flow analysis above to describe both sides of the duality (since the analysis assumes large k). However, assuming the duality is correct, we can find some interesting conclusions about the strongly coupled side by analyzing the weakly coupled side.
We start by discussing emergent global symmetries. As discussed in 4.5, an SU(2) gauge theory with N f fundamentals has classically enhanced Sp(N f ) flavor symmetry. Similarly, an SO(2) gauge theory with N f fundamentals has enhanced U(N f ) symmetry. Combined with the SU-U and SO-SO dualities (1.2),(1.3) we find the following emergent symmetries: (6.9) in the range where the dualities are valid.
Next we discuss emergent supersymmetry. In Section 5 we saw that in the weak coupling regime with large CS level k, the theories with N f = 1 and the theories with U(1) SO(2) gauge symmetry flow to an N = 2 IR fixed point.
Combined with the dualities above, we can conjecture that in the range where our dualities are correct (and also for large enough N), we have:
Next, we discuss emergent time-reversal symmetry. Using the dualities of (1.2)-(1.6) with k = N − N f , we find the following dualities:
24 This can be easily seen when we change regularization schemes; switching from Yang-Mills regularization of the CS level k to dimensional regularization with CS level κ following [19] , the 't Hooft coupling λ = N k of the two sides of the duality are related by |λ LHS |= 1 − |λ RHS |.
Note that in each duality, the two sides are related by time reversal. We thus conclude that these theories have emergent time reversal symmetry in the IR. Due to the fact that the superpotential of 2+1d N = 1 theories must be time-reversal odd, these theories might have exact moduli spaces [4] . Indeed, a special case of the third duality of (6.11) is N = N f = 1, which tells us that the theory U(1) 3/2 + Φ has emergent time-reversal symmetry. This theory was studied in [4] , and was shown to be dual to a U(1) 0 gauge theory with a charge 2 matter field, so that it is indeed time-reversal invariant. As a result, it was also shown that this theory has an exact quantum moduli space. It might be possible to find similar dualities that relate the theories in (6.11) to theories that are manifestly time-reversal invariant.
Consequently, a similar analysis might prove that these theories all have exact quantum moduli spaces.
Finally, we discuss a simple series of dualities. Using U(1) SO (2) and SU (2) Sp (1), we can obtain the following two series of dualities using (1.2)−(1.6). Note that the range of validity of the SU-U duality forces us to have N f ≤ 2 (a similar non-SUSY version was discussed in [22] )
In particular we note that both series have emergent time reversal symmetry in the IR. Furthermore, the first series has emergent Sp(1) flavor symmetry, while the second one has emergent Sp(2) flavor symmetry (this becomes apparent when studying the theories in the series with SU(2) gauge groups).
Relation to N = 2 Dualities
We now discuss the relation between the N = 1 dualities discussed above and some well-known N = 2 dualities. We focus on the N = 1 dualities for SU(N) and U(N) gauge groups (the results for SO and Sp gauge groups are similar).
These are:
We start with the SU-U duality (6.12). We show that this duality is related to the N = 2 SU-U duality discussed in [16] . This duality was generalized to an arbitrary number of fundamentals and anti-fundamentals in [59] . For the case at hand, we are interested in the duality where there are no antifundamentals (and N f < 2k):
We argue that by deforming the N = 2 duality (6.15), one can find the N = 1 duality (6.12). To see this, we first remember that the N = 2 fixed point is unstable to N = 1 Φ 4 deformations at large k, so that such an N = 1 deformation should make the theory flow to a new N = 1 fixed point. Now, if we think of the N = 2 vector multiplet as an N = 1 vector multiplet with an additional N = 1 matter multiplet, then we can integrate out the matter multiplet at large k (since its mass is proportional to k) and end up with an N = 1 duality. This integration out induces a Φ 4 coupling, which seems to have the correct sign to make us flow to the correct N = 1 fixed point shown in Figure 7 .
Furthermore, this integration out shifts the CS level, and we find exactly the N = 1 theories discussed above.
The picture we find is thus the following. It is possible that by just integrating out one-half of the N = 2 vector multiplet, we flow to the N = 1 duality, due to the appearance of the Φ 4 interaction. But even if this is not so, we can also add a Φ 4 term in addition to the integration out to make sure that we flow to the correct fixed point. We can thus flow from the N = 2 duality to the N = 1 duality.
Another piece of evidence for this relation is the phase diagrams for these theories. Consider the N = 2 theories discussed above. We can add real masses (and an FI parameter where relevant) to these theories, and find the phases as a function of these parameters close to the fixed point. Assuming we give an identical real mass to all of the matter fields, we find that the phases as a function of the real mass are identical to the phases we found for the N = 1 theories in Section 4 around the fixed point. Since the RG flow is "short", we might expect the phases to be similar for these two theories. This again points to a relation between the N = 2 and the N = 1 dualities.
We can do an identical analysis for the first U-U duality (6.13). This time, the relevant N = 2 duality is GiveonKutasov duality [15] . Once again, we must start by getting rid of the antifundamental matter fields in Giveon-Kutasov by adding mass terms. This was done in [17] , and the result is
We again find that a naive integration out of the N = 1 chiral multiplet embedded in the N = 2 vector multiplet immediately leads to the N = 1 duality described above. We thus expect a similar behavior in this case as well. We also find once again the the phases of the N = 2 theory as a function of the real mass match the phases of the N = 1 theory as a function of the mass m (for the case where the mass preserves the global symmetries).
Finally, we discuss the second U-U duality (6.14). Interestingly, the relevant N = 2 duality has not yet appeared in the literature. This should be
where the M's are gauge singlets and the RHS has the superpotential W =ΨMΨ. Following the procedure discussed above, this should flow to our N = 1 duality. We have performed some nontrivial checks on this N = 2 duality. First, one can match the phases of the two sides as a function of real and complex masses for the quarks. Second, using localization [60] [61] [62] , one can also match the partition functions of the two sides for the simpler cases of the duality.
We make two final comments. First, we note that the range of validity for the N = 2 theories directly implies the range of validity that were found for the N = 1 dualities above (for example, the range of the N = 2 SU-U duality discussed in [17] directly leads to the range k > − min(N f , N) for the N = 1 SU-U duality). Since the range of the N = 1 dualities was found here independently, this is further evidence of the correspondence between the N = 1 and N = 2 dualities. Second, we note that the relation to N = 2 dualities can explain the fact that there is a single phase transition in the phase diagram to all orders in perturbation theory. Indeed, in the N = 2 case this fact is obvious; it results from the fact that the superpotential in these theories is holomorphic, and so the standard non-renormalization theorems apply. This means that the vacua are often given by the solutions of the classical (or 1-loop) F-term equations, which can easily be tuned to have such unnatural structures (and indeed this can be seen in the phase structure of the N = 2 theories described above when we add real masses to the matter fields). If the N = 1 and N = 2 theories are then close (in an RG flow sense), we might expect their phase diagrams to be similar as well. This might lead to there being a single phase transition in the N = 1 theory as well.
Summary and Conclusions
In this work, we considered 2+1d N = 1 supersymmetric gauge theories, with matter (mostly) in the fundamental representation. Using supergraphs, we have found the 1-loop effective superpotential for these theories with matter in an arbitrary representation. This superpotential allows us to find the phase diagram for these theories by solving the F-term equations.
Next, restricting ourselves to matter fields in the fundamental representation, we find a universal form for the solutions of the F-term equations and for the resulting phase diagrams for many different gauge groups (including One can understand this universal form using a simple symmetry argument. This argument also proves that there is a single phase transition to all orders in perturbation theory. Thus, even though this result seems highly unnatural, it is actually an exact result. This fact (together with the phase diagrams we found) allows us to write down dualities relating the different theories, summarized in equations (1.2)-(1.6). All of these dualities except one were shown to be related to well known N = 2 dualities (except for one, for which we conjecture the corresponding N = 2 duality (6.17)).
These dualities lead to some interesting conclusions. In particular, we find many theories which have emergent global symmetries and supersymmetry in the IR. Furthermore, we find a series of theories which have emergent timereversal symmetry in the IR, which might indicate that they have an exact quantum moduli space.
This paper includes both conjectures (for example, the dualities) and some exact results (for example, the single phase transition at m = m * where many vacua collide). Even more exact results have appeared recently in the literature for theories with N = 1 SUSY. The fact that one can find exact results in theories with N = 1 might seem very surprising at first; As mentioned in the introduction, the superpotentials in these theories are not holomorphic, and so they do not possess the full power of supersymmetry. However, our results seem to indicate that some of the exact results that appear in this paper are still a direct result of the holomorphy of the superpotential in N = 2 SUSY. In other words, most of the exact results can be understood by deforming theories with N = 2 SUSY. It would be interesting to see if other exact results in N = 1 theories can also be understood directly from N = 2 theories 25 . Furthermore, it would be interesting to see whether we can continue this flow to find exact results in non-SUSY theories as well.
As we have mentioned, the connection between the non-SUSY bosonization dualities and some N = 2 dualities has already been studied in the literature (and a similar connection to our N = 1 dualities should also exist). Hopefully, the recent results in theories with N = 1 SUSY might lead to new results in non-SUSY theories as well. 25 In particular, it would be interesting to understand whether the exact moduli spaces appearing in [4] can be understood using deformations of N = 2 theories, or whether they are intrinsically N = 1 phenomena. On one hand, it is very common to have exact moduli spaces in theories with a holomorphic superpotential, and so this doesn't sound unreasonable. On the other hand, this seems highly nontrivial, since (for example) moduli spaces of theories with holomorphic superpotentials are Kähler manifolds, while the moduli spaces that were found for N = 1 theories were not Kähler.
We can now relate the propagators with different k's. Again, we use the trick 3.11, which amounts to replacing D 2 by ip and extracting the imaginary part at the end. Thus U(1) and SU(N) propagators are then related by
We must now re-sum the diagrams. We reintroduce the φ 2 =φ T (a T b) φ factor, which multiplies each propagator.
We observe that each U(1) propagator comes with two factors of T 0 . We can thus absorb the factor of R into the generator T 0 usingT 0 = √ RT 0 , The propagators are now all equal, but the new definition for φ 2 is
The following part of the calculation proceeds as before. We can re-sum the diagrams to find the superpotential:
Note that this integral is still much more complicated than before, sinceφ depends on p. However, this form allows us to perform numerical calculations to find the vacua for the theory.
Appendix D Matching the Witten Index
D.1 Generalities
In this appendix we study the Witten index of the phase diagrams for SU(N) and U(N) gauge theories described in Sections 4.3,4.4. We show that for these theories, the Witten index jumps only once (at m = 0), and does not jump at the phase transition point m = m * . This is consistent with the fact that vacua appearing from infinity can cause the Witten index to jump. We also find that as required, the Witten index of the vacua coming in from infinity exactly matches the expected jump
We focus on the calculation of the Witten index for the large positive mass phase and for the intermediate phase in 26 One way to obtain this result is using Atiyah-Bott Localization Theorem [65] , since the fixed points under the action of U(1) n on M n,k are just the n k diagonal elements.
We also make extensive use of the Witten indices of the following N = 1 vector multiplets:
It is believed that these theories break SUSY dynamically when their Witten index vanishes.
It is important to note that I(U(N)
N/2,0 ) = 0. This is because the U(1) part of the theory has a circle of vacua, parametrized by the dual photon. Since the χ(S 1 ) = 0, we find that the Witten index of this theory vanishes. This fact was also used in [1] .
Vandermonde's Identity also plays important role:
Finally, a comment about the sign ambiguity of the Witten index is in order. There is a sign ambiguity for the operator (−1) F in finite volume [8, 50] . The overall sign is purely determined by our own choice for the Hilbert space, and we set it as positive for large positive k for both SU(N) k and U(N) k .
D.2 SU(N) k+N/2 with N > N f
We study the theories described in Section 4.3.1. We show that the Witten index does not jump across the phase transition at m = m * . As a result, we find that it must jump at m = 0, when the new vacua appear from infinity. 
Appendix E Proof That There Is Only One Phase Transition
We prove that the solutions φ n = v n (m) · 1 n×n 0 must all coalesce at the same value of v and m, which proves that there is only one phase transition. Our arguments are similar to those used in Landau-Ginzburg theory. The main logic is the following: consider some effective potential U for small φ . This can be expanded in φ , and we find U(φ ) = λ 1 φ 2 + λ 2 φ 4 + ... for some constants λ 1 , λ 2 (we assume λ 2 > 0). We find that this model has a phase transition point, which occurs when λ 1 = 0. We can now repeat this procedure for the effective potential W (n) of a specific solution φ n . What we show is that for any φ n we have λ (n) 1 = nλ , where λ is independent of n. The phase transition for all φ n 's is thus at the same point λ = 0.
We start by noticing that a phase transition (i.e. two of the solutions φ n , φ k colliding) can only occur at φ = 0. This is obvious, since to have φ n = φ k we must have v n = v k = 0. It is thus enough to show that all of the phase transitions occur at the same mass m * . Consider one solution φ n and assume that it undergoes a phase transition at m We thus find that the phase transition point m * n is defined by the equation W 2 (m * n ) = 0. Note that this equation does not depend on n, and so repeating this argument for any other v i gives the same m * . We thus find that all other solutions v i must also vanish at this m * , so that all of the solutions coalesce simultaneously. We conclude that there is only one phase transition.
